Abstract. Let G be a group. The orbits of the natural action of Aut(G) on G are called "automorphism orbits" of G, and the number of automorphism orbits of G is denoted by ω(G). We prove that if G is a soluble group with finite rank such that ω(G) < ∞, then G contains a torsion-free characteristic nilpotent subgroup K such that G = K ⋊ H, where H is a finite group. Moreover, we classify the mixed order soluble groups of finite rank such that ω(G) = 3.
Introduction
Let G be a group. The orbits of the natural action of Aut(G) on G are called "automorphism orbits" of G, and the number of automorphism orbits of G is denoted by ω(G). It is interesting to ask what can we say about "G" only knowing ω(G). It is obvious that ω(G) = 1 if and only if G = {1}, and it is well known that if G is a finite group then ω(G) = 2 if and only if G is elementary abelian. In [3] , T. J. Laffey and D. MacHale proved that if G is a finite non-soluble group with ω(G) 4, then G is isomorphic to PSL(2, F 4 ). Later, M. Stroppel, in [8] , has shown that the only finite non-abelian simple groups G with ω(G) ≤ 5 are the groups PSL(2, F q ) with q ∈ {4, 7, 8, 9}. In [2] , the authors prove that if G is a finite non-soluble group with ω(G) ≤ 6, then G is isomorphic to one of PSL(2, F q ) with q ∈ {4, 7, 8, 9}, PSL(3,
Some aspects of automorphism orbits are also investigated for infinite groups. M. Schwachhöfer and M. Stroppel in [7, Lemma 1.1], have shown that if G is an abelian group with finitely many automorphism orbits, then G = Tor(G) ⊕ D, where D is a characteristic torsion-free divisible subgroup of G and Tor(G) is the set of all torsion elements in G. In [1, Theorem A], the authors proved that if G is a FC-group with finitely many automorphism orbits, then the derived subgroup G is finite and G admits a decomposition G = Tor(G) × A, where A is a divisible characteristic subgroup of Z(G). For more details concerning automorphism orbits of groups see [8] .
If G is a group and r is a positive integer, then G is said to have finite rank r if each finitely generated subgroup of G can be generated by r or fewer elements and if r is the least such integer. The next result can be viewed as a generalization of the above mentioned results from [1] and [7] .
Theorem A. Let G be a soluble group of finite rank. If ω(G) < ∞, then G has a torsion-free radicable nilpotent subgroup K such that G = K ⋊ H, where H is a finite subgroup.
We do not know whether the hypothesis that G has finite rank is really needed in Theorem A. The proof that we present here uses this assumption in a very essential way.
In [3] , T. J. Laffey and D. MacHale showed that G is a finite group in which the order |G| is not prime power and ω(G) = 3 if and only if |G| = pq n , the Sylow q-subgroup Q is a normal elementary abelian subgroup of G and P is a Sylow p-subgroup which acts fixed-pointfreely on Q. See also [5] for groups with ω(G) 3 (almost homogeneous groups).
Recall that a group G has mixed order if it contains non-trivial elements of finite order and also elements of infinite order. We obtain the following classification.
Theorem B. Let G be a mixed order soluble group with finite rank. We have ω(G) = 3 if and only if G = A ⋊ H where |H| = p for some prime p, H acts fixed-point-freely on A and A = Q n for some positive integer n.
Proofs
A well-known result in the context of extensions of finite groups, due to I. Schur, states that if G is a finite group and N is a normal abelian subgroup with (|N|, |G : N|) = 1, then there exists a complement K of N. Recall that K is a complement of (a normal subgroup) N in G if N ∩ K = 1 and G = NK. In particular, G = N ⋊ K. Now, we prove that Schur's theorem holds under a more general assumption that G contains a divisible abelian subgroup of finite index. The proof presented here is adapted from the ideas of the finite case (cf. [6, 9.1.2]).
Lemma 2.1. Let A be a divisible normal abelian subgroup of finite index of a group G. Then there exists a subgroup H of G such that G = A⋊H.
Proof. Let B = G/A. From each coset x in B we choose a representative t x , so that the set T = {t x | x ∈ B} is a transversal to A in G. Since t x t y A = t xy A, there is an element c(x, y) of A such that t x t y = t xy c(x, y). Then
Since A is torsion-free, it follows that e(zy) = (e(y) z e(z)c(y, z)). Define s x = t x e(x), then s y s z = t y t z e(y) z e(z) = t yz c(y, z)e(y) z e(z) = t yz e(yz) = s yz .
Thus x → s x defines a homomorphism φ : B → G. Now s x = 1 implies that t x ∈ A and x = A = 1 B . From this we conclude that H = B φ is the desired complement. Now, we consider groups with finitely many automorphism orbits with a characteristic torsion-free soluble subgroup of finite index (see also Schur-Zassenhaus Theorem [6, 9.1.2]). . By induction we deduce that there exists a finite subgroupB of order n inḠ such thatḠ =Ā ⋊B. Set B the inverse image ofB. Clearly
and A (d−1) has finite index n in B. Therefore, by Lemma 2.1 B has a subgroup H of order n and so such a subgroup is a complement of A in G. The result follows.
The following lemma is well-known. We supply the proof for the reader's convenience. Proof. Since G has finitely many automorphism orbits, it follows that the exponent exp(Tor(G)) is bounded. As G has finite rank we have that Tor(G) is finitely generated. We deduce that Tor(G) is finite, which completes the proof.
The following result provides a description of radicable nilpotent groups of finite rank (see [4, Theorem 5.3 .6] for more details). Recall that a group G is said to be radicable if each element is an nth power for every positive integer n. We are now in a position to prove Theorem A.
Proof of Theorem A. We argue by induction on derived length of G.
Assume that G is abelian. By Schwachhöfer-Stroppel's result [7] , G = D⊕T , where D is characteristic torsion free divisible subgroup and T is the torsion subgroup of G. By Lemma 2.3, the torsion subgroup T = Tor(G) is a finite subgroup of G, the result follows. Now, we assume that G is non-abelian. Set d the derived length of G. Arguing as in the previous paragraph, we deduce that has the desired decomposition. More precisely,
=Ā ⋊B whereĀ is torsion-free andB is finite. Note that A n =Ā for any positive integer n, since the quotient groupsĀ
are torsion-free divisible groups (we can use Lemma 2.2 to conclude that each quotient is torsion-free).
Note that the centralizer C G (T 1 ) is a subgroup of finite index in G, because G/C G (T 1 ) embeds in the automorphism group of T 1 which has finite order. Let A be the inverse image ofĀ. AsĀ is torsion-free andĀ n =Ā for any positive integer n, we have A C G (T 1 ). Thus T 1 ≤ Z(A) and Tor(A) = T 1 . Set K = A e , where e = exp(T 1 ). Then K is torsion-free and has finite index in G. Therefore, by Lemma 2.2, there exists a finite subgroup H such that G = K ⋊ H. According to Lemma 2.4, we deduce that K is a radicable nilpotent group (the subgroup K has no proper subgroups of finite index). The proof is complete. 
